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Abstract. The moduli space of solutions to the vortex equations on a Rie- 
mann surface are well known to have a symplectic (in fact Kahler) structure. 
We show this symplectic structure explictly and proceed to show a family of 
symplectic (in fact, Kahler) structures Q\}/ on the moduli space, parametrised 
by \Prji a section of a line bundle on the Riemann surface. Next we show that 
corresponding to these there is a family of prequantum line bundles T^pOn the 
moduli space whose curvature is proportional to the symplectic forms £2* . 

1. Introduction 

Geometric prequantization is a construction, if possible, of a prequantum line 
bundle £ on a symplectic manifold, {M , Q) whose curvature is proportional to the 
symplectic form. The Hilbert space of the quantization is the space of the square 
integrable sections of C. To every / s C°°(M) we associate an operator acting on 
the Hilbert space, namely, / = — iK[Xf — i0(Xf)] + f where Xf is the vector field 
defined by Q(Xf, •) = —df and 8 is a symplectic potential correponding to f2. Then 
if fi> /2 G C°°(TW) and /a = {/i, /a}, Poisson bracket of the two induced by the 
symplectic form, then [fi^fa] = — ifrfz, EH- 

The motivating example in our context would be the geometric quantization 
of the moduli space of flat connections on a principal G-bundlc P on a com- 
pact Riemann surface S, [21] , [2J. Let A be the space of Lie-algebra valued 
connections on the principal bundle P. Let TV be the moduli space of flat con- 
nections (i.e. the space of fiat connections modulo the gauge group). One can 
construct the determinant line bundle of the Cauchy-Riemann operator, namely, 
C = A top (Kerclt)* ® A top (Cokera yl ) on A, [18,. The curvature induced by the 
Quillen metric on this bundle coincides with the natural Kahler form A namely, 
— Tr f„ a A /3, where a,/3 € TaA = 1 (M, adP). It can be shown, using a moment 
map construction, that this symplectic form descends to the moduli space of flat 
connections TV". The determinant line bundle is also well-defined on TV and is the 
candidate for the prequantum line bundle of the geometric quantization. 

Inspired by this construction, we constructed three prequantum line bundles on 
the moduli space of solutions to the self-duality equations over a Riemann sur- 
face [5], [9] corresponding to the three symplectic forms which give rise to the 
hyperKahler structure of the moduli space. 

In this paper we geometrically quantize the moduli space of vortex equations. 
Geometric quantization of the vortex moduli space has been done before in [6] 
and [19]. In the first paper the authors use algebraic geometry and in the second 
paper, the author uses the special form of the moduli space when the Riemann 
surface is a sphere. It would be interesting see what is the relation of the present 
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quantization to the ones in [6] and |19j . The relation maynot be straightforward 
since in the present quantization we find a whole family of (topologically equivalent, 
but perhaps holomorphically non-equivalent) prequantum line bundles V^ a whose 
curvatures correspond to a family of symplectic forms f2^ parametrised by a 
section of a line bundle on the Riemann surface, as explained later. This symplectic 
form is a variant of the standard symplectic form f2 on the vortex moduli space. 

The vortex equations are as follows. Let M be a compact Riemann surface and 
let lo — h 2 dz A dz be the purely imaginary volume form on it, (i.e. h is real). 
Let A be a unitary connection on a principal U(l) bundle P i.e. A is a purely 
imaginary valued one form i.e. A = A (1 ' 0) + A(°>V such that A (1 ' 0) = -A^ ' 1 ). Let 
L be a complex line bundle associated to P by the defining representation. Let ^> 
be a section of L, i.e. VP S T(M, L) and $ be a section of its dual, L. There is 
a Hermitian metric H on L, i.e. the inner product < ^1,^2 >h= ^iH^2 is a 
smooth function on M. (Here H is real). 

The pair (A, \P) will be said to satisfy the vortex equations if 

(1) F(A) = (l-\*\%)w, 

(2) 8 A V = 0, 

where F (A) is the curvature of the connection A and d A — 8a + 9a is the 
decomposition of the covariant derivative operator into (1, 0) and (0, 1) pieces. Let 
S be the space of solutions to (1) and (2). There is a gauge group G acting 
on the space of (A, ^P) which leaves the equations invariant. We take the group 
G to be abelian and locally it looks like Maps(M, U(l)). If g is an U(l) gauge 
transformation then (A\, ^>i) and (A%, ^2) are gauge equivalent if A2 = g^ 1 dg + A\ 
and ^2 = 9 Taking the quotient by the gauge group of S gives the moduli 

space of solutions to these equations and is denoted by A4. It is well known that 
there is a natural metric on the moduli space M. and in fact the metric is Kahler, 
see [20], [15], [14], [19], [3], [7], [5] and the references there. 

In this paper, we show the metric explicitly and write down the symplectic (in 
fact, the Kahler form ) f2 arising from this metric and the complex structure. This 
is because some modification of this symplectic form gives us a whole family of 
symplectic forms f2* parametrised by a fixed section ^0 of the line bundle L 
which vanishes on a set of measure zero. fl^ coincide with £1 when L is a trivial 
bundle with | "Jo Iff = 1- In fact is a Kahler form on the moduli space. We show 
that there exists a holomorphic prequantum line bundle, namely, a determinant 
line bundle, whose Quillen curvature is proportional to the sympletic form f2* . 
Thus as ^0 varies, we get a whole family of prequantum line bundles which are 
topologically equivalent, but perhaps not holomorphically equivalent. 



2. Metric and symplectc forms 

Let A be the space of all unitary connections on P and T(M,L) be sections 
of L. Let C = A x T(M,L) be the configuration space on which equations (1) 
and (2) are imposed. Let p = {A, vp) e C, X = (ai,/3), Y = (a 2) r?) £ T p C = 

il\M,iR) x T(M,L) i.e. a, = af' 13 + af fi) such that af' X) = -af = 1,2. 
On C one can define a metric 



g(X,Y)= * iai Aa 2 + 2i Re<(3,7 1 > H oj 
Jm Jm 
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and an almost complex structure X 



T p C -> T p C where *i : ft 1 -> O 1 



*i 
i 

is the Hodge star operator on M such that *\(r]dz) = —i-qdz and *i(fjdz) — ifjdz. 

It is easy to check that Q is positive definite. In fact, if a\ — a^ 1,0 ' + c^ ' 1 ) = 
adz — adz is an imaginary valued 1-form, *\a± = —i(adz + adz) and ^(X, X) = 
4 J M \a\ 2 dx Ady + 4f M \/3\ 2 H h 2 dx A dy where w = ft. 2 cLz Adz = -2ih 2 dx A dy. 

The symplectic form £1 

We define 

fl(X,Y) = - a!Aa 2 + 2i Re < i(3,r] > H u 

JM JM 

= - a 1 Aa 2 - ((3Hf) - (3Hrj)u 

JM JM 

such that Q(XX, Y) = Q(X, Y). Moreover, we have the following: 

Proposition 2.1. The metrics Q, the symplectic form £1, and the almost complex 
structure X are invariant under the gauge group action on C. 

Proof. Let p = (A, e C and g e G, the gauge group, where g ■ p = (A + 
g-^dg.g- 1 ^). 

Then g* : T p C — > T" g . p C is given by the mapping (Id, g~ x ) and it is now easy to 
check that g and Q are invariant and X commutes with . □ 

Proposition 2.2. The equation (1) can be realised as a moment map fi — with 
respect to the action of the gauge group and the symplectic form ft. 

Proof. Let ( e Q(M,iR) be the Lie algebra of the gauge group (the gauge group 
element being g = e^ ); note that £ is purely imaginary. It generates a vector field 
X^ on C as follows : 

X c (A,^) = (dC,-^)eT p C 

where p = (A, *) e C. 

We show next that Xq is Hamiltonian. Namely, define Hq : C — > C as follows: 



h c (p)= / c-(i^-(i-|*| 2 ff M. 



' M 

Then for X = (a, (3) e T p C, 

dH c (X) = [ (da+ [ C{^H(3 + ^!H(i)uo 

JM JM 

= - [ (d()Aa + 2i[ Re(i(-(^)H(3)uj 

JM JM 

= SI(X C ,X), 

where we use that ( = — (. 

Thus we can define the moment map /x : C — > £1 2 (M, iM.) — Q* ( the dual of the 
Lie algebra of the gauge group) to be 

M (A,*) = (F(A)-(1-|*| 2 H V). 
Thus equation (1) is /i = 0. □ 

Lemma 2.3. Let S be the solution spaces to equation (1) and (2), X G T p S. Then 
XX e T p S if and only if X is Q -orthogonal to the gauge orbit O p = G ■ p. 
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Proof. Let X c e T p O p , where < G Sl°{M,iR), G(X,X ( ) = -to(lX,X() = -J u (- 
dfi(IX), and therefore IX satisfies the linearization of equation (1) iff dfi(IX) = 0, 
i.e., iff Q(X, X{) = for all (. Second, it is easy to check that IX satisfies the 
linearization of equation (2) whenever X does. □ 

Theorem 2.4. Ad has a natural symplectic structure and an almost complex struc- 
ture compatible with the symplectic form O and the metric Q . 

Proof. First we show that the almost complex structure descends to Ad. Then 
using this and the symplectic quotient construction we will show that O gives a 
symplectic structure on Ad. 

(a) To show that I descends as an almost complex structure we let pr : S — > 
S/G = Ad be the projection map and set [p] = pr(p). Then we can naturally 
identify T^Ad with the quotient space T p S /T p O p , where O p — G ■ p is the gauge 
orbit. Using the metric Q on <S we can realize T^Ad as a subspace in TpS, Q- 
orthogonal to T p O p . Then by lemma [2~3l this subspace is invariant under I. Thus 
Jjp] = I\x (o ) x j gives the desired almost complex structure. This construction 
does not depend on the choice of p since I is G-invariant. 

(b) The symplectic structure Q descends to ^ _1 (0)/G, (by proposition ^ . 21 and by 
the Marsden-Weinstein symplectic quotient construction, [11] , [12] , since the leaves 
of the characteristic foliation are the gauge orbits). Now, as a 2-form descends 
to Ad, due to proposition ( 12. ip so does the metric Q. Closure of O is easy. We 
check that equation (2) does not give rise to new degeneracy of Vl (i.e. the only 
degeneracy of fl is due to (1) but along gauge orbits). Thus fl is symplectic on Ad. 
Since Q and I descend to Ad the latter is symplectic and almost complex. □ 

The family of symplectic forms f2^ 

Choose a fixed £ r(M, L) such that |^q|h = only on a set of measure zero 
on M . (This has nothing to do with 
Define a symplectic form on C as 

Of (X,Y) = -/ a 1 ha 2 + 2ij Re < i/3, n > H \^ \h^ 
Jm Jm 

= - / QiAaj-/ (fiHfj - 0Hrj)\* o \HU 

JM JM 

|lf plays the role of a conformal rescaling of the volume form lo on M which 
appears in fi, where we allow the conformal factor to have zeroes on sets of measure 
zero. 

Theorem 2.5. £l^ descends to Ad as a symplectic form. 

Proof. Let p = (A,^). 

It is easy to show that f2$ is closed (this follows from the fact that on C it is a 
constant form - does not depend on (A, ^>)). We have to show it is non-degenerate. 

Suppose there exists (ai,/?) £ T[ p ](Ad) s.t. 

^9 ((a 2 ,r]), (ai,/3)) = 

V (a2,r?) €E Twa{M). Using the metric Q we identify TLijVJ with the subspace in 
T P S, Cf-orthogonal to T p O p (i.e. the tangent space to the moduli space is identified 
to the tangent space to solutions which are orthogonal to the gauge orbits, the 
orthogonality is with respect to the metric Q.) Thus (a>i,/3), (aa, rf) satisfy the 
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linearization of equation (1) and (2) and G((ai, /3), X$) — and G((oi2, rj), X^ ) = 
for all C 

Now, byEU Z(a 2 ,r)) 6 T p S. Also, 

g(z( ai ,0),x c ) = n((a u p),x c ) 

= - f (dn((ai,{3)) 

JM 

= 

since dfj,((a\, (3)) = is precisely one of the equations saying that (a%,f3) <E T p S. 
Thus X(ai,(3) € T^M., (since it is in T p S and (/-orthogonal to gauge orbits). 
Take (0^,77) =X(ai,/3) = (*\0ii,if3). Then 

= n* (J(ai,/3),(ai,j9)) 

= (*iOt\ A a\) + 2i Re < i{if3),f3 > H \^ \ 2 h lo 

JM JM 

= -4 / |a| 2 dxAdy-4 / |/3|^ l^oll^ 2 ^ A cfy 

where cj = —2ih 2 dx/\dy and «i = adz—adz 6 fi (Af, iM) and h^o^ = — z(arfz+adf). 
By negativity of both the terms and the fact that has zero on a set of measure 
zero on M, (ai,(3) — a.e. Thus f2* is symplectic. □ 

3. PREQUANTUM LINE BUNDLE 

In this section we briefly review the Quillen construction of the determinant line 
bundle of the Cauchy Riemann operator 3a = 3 + A' 0,1 ), [18], which enables us to 
construct prequantum line bundle on the vortex moduli space. 

First let us note that a connection A on a [/(l)-principal bundle induces a con- 
nection on any associated line bundle L. We will denote this connection also by 
A since the same " Lie-algebra valued 1-form" A (modulo representations) gives a 
covariant derivative operator enabling you to take derivatives of sections of L |17j . 
page 348. A very clear description of the determinant line bundle can be found 
in |18j and [3] . Here we mention the formula for the Quillen curvature of the deter- 
minant line bundle f\ tov {K erd a)* ® A top (CokerdA) = det(9 J 4), given the canonical 
unitary connection Vq, induced by the Quillen metric, [18] . Recall that the affinc 
space A (notation as in |18j ) is an infinite-dimensional Kahler manifold. Here each 
connection is identified with its (0, 1) part which is the holomorphic part. Since 
the connection A is unitary (i.e. A = A^ 1 ^ + A^ '^ s.t. A^ = -At ' 1 '') this 
identification is easy. In fact, for every A £ A, T' A (A) = £1 0,1 (M, iR) and the 
corresponding Kahler form is given by 

cv (0,1) (o,iK -c f , (0,1) . (0,1)>. 

F(a\ ',a 2 ') = Re / (04 A *2ct\ ), 

JM 

OL\ A OL2 

where o^ ' 1 -*, /3*- ' 1 ) € O 0,1 (M, ilR) and *2 is the Hodge-star operator such that 

*i(j)dz) = —fjdz and *2{fjdz) = r\dz and we have used a\° — — otf~ , i = 
1,2. Let Vq be the conection induced from the Quillen metric. Then the Quillen 
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curvature of det(dyt) is 

^(V Q ) = —F. 

4. Prequantum bundle on M 

First we note that to the connection A we can add any one form and still obtain 
a derivative operator. 

Let u) = h 2 dzAdz where recall h is real. Let 9 = hdz , 9 = hdz be 1-forms ( [ID] , 
page 28) such that u = 9 A 9 = h 2 dz A dz. Let be the same fixed section used 
to define fi* . Recall has zero on a set of measure zero on M. Note ^H^o is a 
smooth function on M. Thus B 1 - ' 1 ^ = ^H^1q9 is a (0, l)-form we would like to add 
to the connection A^ ' 1 ) to make another connection form. Note that B^- ' 1 ^ is gauge 
invariant, since ^ and 'J'o gauge transform in the same way. Note that A(°^±B<-°>V 
are the (0, 1) parts of a conne ction d efined by A±B = A^±B^+A^±B^ 
where B^ 1 ^ is defined to be B^ Q ) = -B^ 1 ). 

Definitions: Let us denote by C± — det(<9 + A^ ' 1 ^ ± i^ 0,1 ') a determinant 
bundle on J± = {A^'V ± ^H^f 6\A e A, * € T(M,L)} which is isomorphic to 
C = A x r(M, L). 

Thus Vy = £+ <8> £- well-defined line bundle on C. 

Lemma 4.1. V^ a is a well-defined line bundle over Ad C C/G, where G is the 
gauge group. 

Proof. First consider the Cauchy-Riemann operator D = 8 + A^ 0,1 ) Under 
gauge transformation D = 8 + A^ ^ + B^ ^ -> £> g = g(<9 + A^ 1 ) + B(°< 1 ))g- 1 . We 
can show that the operators D and D g have isomorphic kernel and cokernel and 
their corresponding Laplacians have the same spectrum and the eigenspaces are of 
the same dimension. Let A denote the Laplacian corresponding to D and A g that 
corresponding to D g . The Laplacian is A = DD where D = d+A^'^+B^ 1 ' ' , where 
recall AfW) = -y^ ' 1 ) and SC 1 - ) = -B^* 1 ). Note that D -» D g = gDg- 1 under 
gauge transformation. Then A g = gAg^ 1 . Thus the isomorphism of eigenspaces 
is s — > gs. We describe here how to define the line bundle on the moduli space. 
Let K a (A) be the direct sum of eigenspaces of the operator A of eigenvalues < a, 
over the open subset U a = {A^ ' 1 ' + B^'^ja ^ SpecA} of the affine space J + . The 
determinant line bundle is defined using the exact sequence 

-> KcrD -> Jf a (A) -> D{K a (A)) -> CokerD -> 

Thus one identifies 

A to P(KerZ»)*®A top (Coker J D) with A top (iT (A))* A top (B(i<: a (A))) (see g], for 
more details) and there is an isomorphism of the fibers as D — » B g . Thus one can 
identify 

A top (£T a (A))* $ A top (B(if a (A))) = A top (^ a (A 9 ))* ® A top (D(K a (A g ))). 

By extending this definition from U a to U a = {(A, ^f)\a £ SpecA}, an open subset 
of C, we can define the fiber over the quotient space V a /G to be the equivalence 
class of this fiber. Covering C with open sets of the type V a , we can define it on 
C/G. Then we can restrict it to Ad C C/G. 
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Similarly one can deal with the other case of 8 + A^ -^ ~ B^- X) . Let ([A], [<3>]) £ 
C/G, where [A], [4"] are gauge equivalence classes of A, ^, respectively. Then as- 
sociated to the equivalence class ([A], [<!>]) in the base space, there is an equiva- 
lence class of fibers coming from the identifications of det(<5 -I- A^ ' 1 " 1 — B^ 0,1 )) with 
det(g(B + A^ ' 1 } — B( ' 1 ' > )g~ 1 ) as mentioned in the previous case. 

This way one can prove that V^ is well defined on C/G. Then we restrict it to 
M C C/G. □ 

Curvature and symplectic form: 

Let p = (A,*) e S. Let X, Y e T^M. Since T^M can be identified with 
a subspace in T p S orthogonal to T p O p , if we write X — (ai,/3) and Y — (0:2,77), 
a u a 2 E T A A = Q 1 (M,iR), and /3,rj G T 9 Y(M,L) = L(M, L), then X,Y can be 
said to satisfy a) X, Y £ T p S and b) X, Y are (/-orthogonal to T p O p , the tangent 
space to the gauge orbit. 

Let J v c± denote the Quillen curvatures of the determinant line bundles C±, 
respectively. C± are determinants of Cauchy-Riemann operators of the connections 
A (o,i) ± ^ H ^, Q g T h us in the curvature, we will have a { ° A) ± (3H^ 9 and a { 2 ° A) ± 
r]H^>o9, (see Quillen's formula in the section above). 

Tc± (X, Y) = -Re / (4° 4) ± (3H^ 9) A *2{a { 2 ° ,l) ± r]H^ o 0) 
n Jm 

= -Re / (a { ° A) ± 0HV O 9) A (-al 1,0) ± f)H<S> 9) 
7T Jm 

Note that Re J M a^ 0,1 ^ A a 2 1: °' ) = 5 J M «i A a 2 where we have used the fact 

that oti — c^ 0,1 ) + s.t. a- 0,1 ^ = —a^ ,0 \ i = 1,2, We have also used that 

9 A 9 = —lu = 2ih 2 dx A dy, is purely imaginary. One can easily compute that 

(T c+ +Tc-)(X,Y) 

= -[-I aiAa 2 - / (/3^-^?7)|*o|^)] 
^ Jm Jm 

= -O* (X,Y) 

Now A*- ' 1 ) is holomorphic w.r.t. the complex structure *i and 'J is holomorphic 
w.r.t. multiplying by i, A^ ' 1 ^ ± B^ ' 1 ^ is holomorphic w.r.t. the complex structure 
X. Thus C+, C- and "P>i< are holomorphic, (same argument as in [18). 

Thus, we have proven the following theorem: 

Theorem 4.2. Vqi = C+ ® £_ is a well-defined holomorphic line bundle on M. 
whose Quillen curvature is J~c + +J~C- which is ^57^ . Thus Vqi is a prequantum 
bundle on M.. 

Polarization: In passing from prequantization to quantization, one needs a 
polarization. It can be shown that the almost complex structure X is integrable on 
M. , (see, for example, Ruback's argument mentioned in |20j or matscinet review 
of [H], [IS|)- In fact, S!^ is a Kahler form and Qy (X, Y) = Qy (X, XY) is a Kahler 
metric on the moduli space (since it is positive definite) . P^ is a holomorphic line 
bundle on M. . Thus we can take holomorphic square integrable sections of V^ a as 
our Hilbert space. The dimension of the Hilbert space is not easy to compute. (For 
instance, the holomorphic sections of the determinant line bundle on the moduli 
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space of flat connections for SU(2) gauge group is the Verlinde dimension of the 
space of conformal blocks in a certain conformal field theory). This would be a 
topic for future work. 
Remark: 

As varies, the corresponding line bundles are all topologically equivalent since 
the curvature forms have to be of integral cohomology and that would be constant. 
Thus they have the same Chern class. However they maynot be holomorphically 
equivalent. 

Acknowledgement I would like to thank Professor Jonathan Weitsman for 
pointing out the equivalence of these line bundles. 
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